Abstract. The study of left-invariant Einstein metrics on compact Lie groups which are naturally reductive was initiated by J. E. D'Atri and W. Ziller in 1979. In the present work we prove existence of non-naturally reductive Einstein metrics on the compact simple Lie groups SO(n) (n ≥ 11), Sp(n) (n ≥ 3), E 6 , E 7 , and E 8 .
Introduction
A Riemannian manifold (M, g) is called Einstein if the Ricci tensor r(g) of the metirc g satisfies r(g) = eg for some constant e. General existence results are few and difficult to obtain. Among them we mention the works [2] , [3] , [4] , [11] , and the survey [10] .
For the case of compact Lie groups, left-invariant Einstein metrics have not been widely studied. Even in low dimensional examples such as SU(3) and SU(2) × SU(2) the number of left-invariant Einstein metrics is still unknown. The only complete work is [7] by J.E. D'Atri and W. Ziller, in which they obtained a large number of left-invariant Einstein metrics that are naturally reductive.
The problem of finding non-naturally reductive left-invariant Einstein metrics on compact Lie groups seems to be harder, and in fact this is stressed in [7] (p. 62). In [9] the second author initiated the study of this problem, and he obtained non-naturally reductive Einstein metrics on the Lie group SU(n) for n ≥ 6 by using the method of Riemannian submersions (see e.g. [1] , Chapter 9) . In the present work we prove existence of left-invariant Einstein metrics on several compact Lie groups, which are not naturally reductive.
To every compact simple Lie group G we associate a Kähler C-space, which is a homogeneous space G/H with H the centralizer of a torus in G (also known as generalized flag manifold). It is known that Kähler C-spaces are classified by use of painted Dynkin diagrams, and that each of them can be fibered over an irreducible symmetric space G/K of compact type under the twistor fibration ( [6] ). We assume that the isotropy representation of the corresponding Kähler C-space G/H decomposes into two irreducible components. It is known that these are mutually non-equivalent as Ad(H)-modules. Then these spaces can be classified in terms of painted Dynkin diagrams with one black root, and to simplify our study, we divide these into four types Ia, Ib, IIa, and IIb, depending on whether the black root is next to the negative of the maximal root, and whether the black root separates the Dynkin diagram into one or two components.
It turns out that the left-invariant metrics < , > on G associated to G/H depend on five or four parameters in general. We also consider left-invariant metrics << , >> on G associated to the symmetric space G/K. By comparing these two metrics we obtain the components of the Ricci tensor of the metric < , > on G. In this way the Einstein equation reduces to a more explicit form as an algebraic system of equations. This system reduces further to a polynomial equation of one variable, and we prove existence of left-invariant Einstein metrics on G by proving existence of positive solutions for such a polynomial equation. For certain cases of simple Lie groups it is possible to prove existence of more than one solutions.
For Kähler C-spaces of Type Ia and IIa the solutions correspond to naturally reductive Einstein metrics, whereas non-naturally reductive Einstein metrics on G are obtained from Kähler C-spaces G/H of Types Ib and IIb. The main result is the following: Theorem 1. The compact simple Lie groups SO(n) (n ≥ 11), Sp(n) (n ≥ 3), E 6 , E 7 , and E 8 admit non-naturally reductive Einstein metrics.
We remark that it is still unknown whether the compact simple Lie groups SU(n) (n = 3, 4, 5), SO(n) (n = 5, 7, 8, 9, 10), F 4 and G 2 admit a non-naturally reductive Einstein metric.
The Ricci tensor of a G-invariant metric
Let (M, g) be a Riemannian manifold and I(M, g) the Lie group of all isometries of M. Then (M, g) is said to be K-homogeneous if a Lie subgroup K of I(M, g) acts transitively on M. For a K-homogeneous Riemannian manifold (M, g), we fix a point o ∈ M and identify M with K/L where L is the isotropy subgroup of K at o. Let k be the Lie algebra of K and l the subalgebra corresponding to L. Take a vector space p complement to l in k with Ad(L)p ⊂ p. Then we may identify p with T o (M) in a natural way. We can pull back the inner product g o on T o (M) to an inner product on p, denoted by < , >. For X ∈ k we will denote by X l ( resp. X p ) the l-component ( resp. p-component ) of X. A homogeneous Riemannian metric on M is said to be naturally reductive if there exist K and p as above such that
In [7] D'Atri and Ziller have investigated naturally reductive metrics among the left invariant metrics on compact Lie groups, and have given a complete classification in the case of simple Lie groups.
Let G be a compact connected semi-simple Lie group, H a closed subgroup of G, and let g be the Lie algebra of G and h the subalgebra corresponding to H. We denote by B the negative of the Killing form of g. Then B is an Ad(G)-invariant inner product on g. Let m be a orthogonal complement of h with respect to B. Then we have
Let h = h 0 ⊕ h 1 ⊕ · · · ⊕ h p be the decomposition into ideals of h, where h 0 is the center of h and h i (i = 1, · · · , p) are simple ideals of h. Let A 0 | h 0 be an arbitrary metric on h 0 .
Theorem 2.
(D'Atri-Ziller [7] ) Under the notations above, a left invariant metric on G of the form
is naturally reductive with respect to G × H, where G × H acts on G by (g, h)y = gyh −1 . Moreover, if a left invariant metric < , > on a compact simple Lie group G is naturally reductive, then there exists a closed subgroup H of G and the metric < , > is given by the form (1).
Let m = m 1 ⊕ · · · ⊕ m q be a decomposition into irreducible Ad(H)-modules m j (j = 1, · · · , q), and assume that the Ad(H)-modules m j are mutually non-equivalent, and that the ideals h i (i = 1, · · · , p) of h are mutually non-isomorphic. In particular, we assume that dim h 0 ≤ 1.
We consider the following left invariant metric on G which is Ad(H)-invariant:
where u 0 , u 1 , · · · , u p , x 1 , · · · , x q ∈ R + , and the G-invariant Riemannian metric on G/H:
To compute the Ricci tensor of the left invariant metric < , > on G and the G-invariant Riemannian metric ( , ) on G/H, we use the following notation. We write the decom-
Note that the space of left invariant symmetric covariant 2-tensors on G which are Ad(H)-invariant is given by
and the space of G-invariant symmetric covariant 2-tensors on G/H is given by
In particular, the Ricci tensor r of a left invariant Riemannian metric < , > on G is a left invariant symmetric covariant 2-tensor on G which is Ad(H)-invariant and thus r is of the form (4), and the Ricci tensorr of a G-invariant Riemannian metric on G/H is a G-invariant symmetric covariant 2-tensor on G/H, and thusr is of the form (5).
Let {e α } be a B-orthonormal basis adapted to the decomposition of g, i.e., e α ∈ w i for some i, and α < β if i < j (with e α ∈ w i and e β ∈ w j ). We set A 
, where the sum is taken over all indices α, β, γ with e α ∈ w i , e β ∈ w j , e γ ∈ w k . Then k ij is independent of the B-orthonormal bases chosen for w i , w j , w k , and
We write a metric on G of the form (2) as
where y 0 , y 1 , · · · , y p+q ∈ R + , and a metric on G/H of the form (3) as
where w p+1 , · · · , w p+q ∈ R + .
The components r 0 , r 1 , · · · , r p+q of the Ricci tensor r of the metric g of the form (7) on G are given by
where the sum is taken over all i, j = 0, 1, · · · , p + q. Moreover, for each k we have
(2) The componentsr p+1 , · · · ,r p+q of the Ricci tensorr of the metric h of the form (8) on G/H are given by (10) 
where the sum is taken over all i, j = p + 1, · · · , p + q.
Proof. Let {e
The Ricci tensor r of the metric g is given by the following (cf. [1] , pp. 184-185 ):
for X ∈ g, where {X α } is an orthonormal basis of g with respect to the metric g. From the above equation, we have that
α , e (i)
s , e
As we have remarked above,
Decomposition associated to Kähler C-spaces
Let G be a compact semi-simple Lie group, g the Lie algebra of G and t a maximal abelian subalgebra of g. We denote by g C and t C the complexification of g and t respectively. We identify an element of the root system ∆ of g C relative to the Cartan subalgebra t C with an element of √ −1t by the duality defined by the Killing form of g C . Let Π = {α 1 , · · · , α l } be a fundamental system of ∆ and
Let Π 0 be a subset of Π and
where {Π 0 } Z denotes the subspace of √ −1t generated by Π 0 . Consider the root space decomposition of g C relative to t C :
We define a parabolic subalgebra u of g C by
where ∆ + is the set of all positive roots relative to Π. Note that the nilradical n of u is given by
We denote by α the highest root of g C .
Let G C be a simply connected complex semi-simple Lie group whose Lie algebra is g C and U the parabolic subgroup of G C generated by u. Then the complex homogeneous manifold G C /U is compact simply connected and G acts transitively on
Let h be the Lie algebra of H and h C the complexification of h. Then we have a direct decomposition
Proposition 4. ([6], Proposition 4.3) Let z be the center of the nilpotent Lie algebra n.
Then we have ad(h C )(z) ⊂ z and the action of h C on z is irreducible. Moreover, the ad(h C )-module z is generated by the highest root space g
where N α,β = N −α,−β ∈ R. Then we have
and the Lie subalgebra h is given by
Let m be the orthogonal complement of h in g with respect to B.
From now on we assume that g is simple and Π 0 = Π − {α i 0 }. For a non-negative integer
We define a subspace n k of n by
subspaces, and n = t j=1 n j is an irreducible decomposition of n ( [8] , [12] ). In particular,
by Proposition 3 we have that z = n t . We define a subspace m k of m by
m j is an irreducible decomposition of m, therefore t = q. The following proposition is well known.
In the following we consider the case of q = 2, that is m = m 1 ⊕ m 2 . Then we have a pair (Π, Π 0 ) which has an irreducible decomposition
as Ad(H)-modules, where h 0 is the center of h and h i (i = 1, 2) are simple ideals of h. In such a decomposition of g, either one of h 1 and h 2 is zero or both are non-zero.
We distinguish Kähler C-spaces with q = 2 into types depending on whether the simple root α i 0 separates the Dynkin diagram in one or two components, and whether or not it is connected to −α.
Type Ia Type IIa
The Dynkin diagram corresponding to Π 0 = Π − {α i 0 } with two components, obtained by removing the vertex •, and {α i 0 } is next to the negative of the maximal root.
Type IIb
2 . . .
2 . . . The Dynkin diagram corresponding to Π 0 = Π − {α i 0 } with two components, obtained by removing the vertex •, and {α i 0 } is not next to the negative of the maximal root. Proposition 6. In the decomposition (12) we can take the ideal h 2 so that [h 2 , m 2 ] = {0}.
Proof. We may assume that h 2 = {0}. Then there is only one simple root α j 0 with (α j 0 , α) = 0 and thus we can take the ideal h 2 so that h
. By the definition of m 2 , we get the result.
In case of the spaces in Table Ia we have that h 1 = {0}, and for the spaces in Table Ib we have that h 2 = {0}. Also, for the spaces of Tables IIa and IIb we have that h 1 , h 2 = {0}
Einstein metrics on compact Lie groups of type II
We consider left invariant metrics
on a compact Lie group G associated to Kähler C-spaces of Types IIa and IIb. Note that a metric (13) is also Ad(H)-invariant.
Let and thus the components of the Ricci tensor r of the metric
on G are given by:
We also see that the components of the Ricci tensorr of the metric
are given by the following:
.
By Proposition 5 the metric B| m 1 + 2B| m 2 is Kähler-Einstein, and thus we have
Thus we get
We assume that {α i 0 } is not next to the negative of the maximal root, and that {α i 0 } separates the extended Dynkin diagram in two components, which is the case of Type IIb. The case of spaces of Type IIa will be examined in Section 6.
We set k = h ⊕ m 2 and
We also see that (g, k) is an irreducible symmetric pair. Thus we obtain an irreducible decomposition g = k 1 ⊕ h 2 ⊕ m 1 as Ad(K)-modules, which are mutually non-equivalent. We consider the following left invariant metrics on G which are also Ad(K)-invariant:
Note that the only non-zero k ij are
given by the following:
Note that equations (18) are obtained from equations (15) by setting v 1 = u 0 = u 1 = x 2 , v 2 = u 2 and v 3 = x 1 . In fact, for these values the metrics < > and << >> on G coincide, so the components of the corresponding Ricci tensors are equal. Therefore, it follows that
From (14), (17) and (19) we obtain:
Lemma 7. For the metric < , > on G, the non-zero numbers k ij are given as follows:
Thus we have
Proposition 8. The components of the Ricci tensor r of the metric
,
on G is Einstein if and only if there exists a positive solution {u 0 , u 1 , u 2 , x 1 , x 2 , e} of the system of equations (21) r 0 = e, r 1 = e, r 2 = e, r 3 = e, r 4 = e.
We normalize the system of equations by putting x 1 = 1. From (20), we have
By solving the linear equations (22), (25) and (26) with respect to u 0 , u 1 and e, we obtain that
From (23), (28) and (29), we get a quadratic equation with respect to u 2 . By solving this equation with respect to u 2 , we get
Proposition 9. If a left invariant metric < , > of the form (13) on G for Type IIb is naturally reductive with respect to G × L for some closed subgroup L of G, then one of the following holds:
1) x 1 = x 2 , 2) u 0 = u 1 = x 2 , 3) u 0 = u 1 = u 2 = x 1 = x 2 ,
that is (13) is a bi-invariant metric.
Conversely, 1) if x 1 = x 2 , then the metric < , > is given by u 0 ·B| h 0 + u 1 ·B| h 1 + u 2 ·B| h 2 + x 1 · B| m 1 ⊕m 2 and is naturally reductive with respect to G × H, and 2) if u 0 = u 1 = x 2 , then the metric < , > is given by u 0 · B| h 0 ⊕h 1 ⊕m 2 + u 2 · B| h 2 + x 1 · B| m 1 and is naturally reductive with respect to G × K, where the Lie algebra k is given by
Proof. Let l be the Lie algebra of L. Then we have that either l ⊂ h or l ⊂ h. First we consider the case when l ⊂ h. Let k be the subalgebra of g generated by l and h. Since 
Now we consider the case of l ⊂ h. Since the orthogonal complement l ⊥ of l with respect to B contains the orthogonal complement h ⊥ of h, we see that l ⊥ ⊃ m 1 ⊕ m 2 . By Theorem 1, since the invariant metric < , > is naturally reductive with respect to G × L, it follows that x 1 = x 2 . The converse is a direct consequence of Theorem 1.
If u 2 is given by (30), then from (27), (28) and (29) and by using a computer algebra system, we see that
Thus by Proposition 9 the metric < , > is naturally reductive with respect to G ×K. Note that G/K is an irreducible symmetric space and these Einstein metrics < , > have been studied by D'Atri-Ziller [7] .
Therefore from now on we consider the case when u 2 is given by (31). 1) Case G is of B n -type. We consider the case of n ≥ 5 and p = 3. Then we have that (27), (28) and (29) (36)
From (24), (33) and (36) We denote by f (x 2 ) the left-hand side of equation (37). We consider the values of f (x 2 ) at x 2 = 1 and x 2 = 17/10. Using a computer algebra system, we see that
which is positive if n ≥ 4, and by expanding f (17/10) as a function of n into series at n = 5, we see that 
Thus q(x 2 ) is monotone increasing for x 2 ≥ 1. Since q(1) = 48, we see that q(x 2 ) ≥ 48 for x 2 ≥ 1. Hence, we obtain a solution {u 0 , u 1 , u 2 , x 1 , x 2 , e} = {u 
of u 2 is positive for 1 < x 2 < 17/10. By expanding h(x 2 ) into series at x 2 = 1, we see that
Using that 0 ≤ (x 2 − 1) 4 ≤ (7/10) 4 , we see that
We denote by K(x 2 ) the right-hand side of inequality (39). By using a computer algebra system we see that
is positive for 1 < x 2 < 17/10 and n ≥ 5.
2) Case G is of C n -type. We consider the case of n ≥ 3 and p = 2. Then we have that (27), (28) and (29) we obtain that
From (24), (40) and (43), we get the following equation for x 2 :
+1568 n 3 ) x 2 2 − 64 (1 + n) (−24590 + 3103 n + 6206 n 2 ) x 2 3 + 16 (−29251 + 29870 n −136972 n 2 + 61176 n 3 + 2576 n 4 ) x 2 4 − 128 (−2 + n) (1 + n) (−7475 + 1264 n +2528 n 2 ) x 2 5 + 4 (−2 + n) (−155306 + 25437 n − 248456 n 2 + 133792 n
By using a similar method as for B n -type, we see that for n ≥ 3 the equation (44) (21) from (40), (41), (42) and (43), and we also see that u 
From (24), (45) and (48) −64 (−3 + n)
By using a similar method as for B n -type, we see that for n ≥ 6 the equation (49) has a solution x 2 = x 0 2 between 1 < x 2 < 5/3. Then we obtain a solution {u 0 , u 1 , u 2 , x 1 , x 2 , e} = {u (28) and (29), we obtain
− 576x 2 + 144 / x 2 2x 2 2 + 3 3x 2 2 + 2 5x 2 2 + 6 , − 445824 x 2 + 59616 = 0.
By using a similar method as for B n -type, we see that for n ≥ 6 equation (54) has a solution x 2 = x 0 2 between 1 < x 2 < 5/3. Then we obtain a solution {u 0 , u 1 , u 2 , x 1 , x 2 , e} = {u By using a similar method as for E 6 -type, we obtain four solutions {u By the same method as in Section 4, we can compute the numbers k ij and we obtain:
Lemma 11. For the metric < , > on G, the non-zero numbers k ij are given as follows: 4d 4 ) . Theorem 1 now follows from Propositions 10 and 14.
2) Case

Einstein metrics on compact Lie groups which are naturally reductive
Now we consider compact Lie groups associated to Kähler C-spaces of Types Ia and IIa. Note that d 4 = 2 in these cases.
In case of Type IIa we set k = h ⊕ m 2 and k 1 = h 0 ⊕ m 2 . Then k, k 1 are subalgebras of g, k = k 1 ⊕ h 1 ⊕ h 2 and (g, k) is an irreducible symmetric pair. We also have an irreducible decomposition g = k 1 ⊕h 1 ⊕h 2 ⊕m 1 as Ad(K)-modules, which are mutually non-equivalent. 1) x 1 = x 2 , 2) u 0 = x 2 , 3) u 0 = u 1 = u 2 = x 1 = x 2 , that is (13) is a bi-invariant metric.
Conversely, 1) if x 1 = x 2 , then the metric < , > is given by u 0 ·B| h 0 + u 1 ·B| h 1 + u 2 ·B| h 2 + x 1 · B| m 1 ⊕m 2 and is naturally reductive with respect to G × H, and 2) if u 0 = x 2 , then the metric < , > is given by u 0 · B| h 0 ⊕m 2 + u 1 · B| h 1 + u 2 · B| h 2 + x 1 · B| m 1 and is naturally reductive with respect to G × K, where the Lie algebra k is given by (h 0 ⊕ m 2 ) ⊕ h 1 ⊕ h 2 .
The proof is similar to Proposition 9. Note that the number 1 44 in Lemma 7 is zero, so the first and the fifth equation of the system (21) simplify and give rise to the relation u 0 = x 2 . Hence, by Proposition 15 we only obtain Einstein metrics which are naturally reductive.
In case of Type Ia we consider the metric < , > on G given by (75) u 0 · B| h 0 + u 2 · B| h 2 + x 1 · B| m 1 + x 2 · B| m 2 , and set k = h ⊕m 2 and k 1 = h 0 ⊕m 2 . Then k, k 1 are subalgebras of g, k = k 1 ⊕h 2 and (g, k) is an irreducible symmetric pair. We also have an irreducible decomposition g = k 1 ⊕ h 2 ⊕ m 1 as Ad(K)-modules, which are mutually non-equivalent. The proof is similar to Proposition 9.
By the same method as in Section 4, we have
